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Unifying Special Relativity and Quantum Mechanics

Lecture 22 � Non-Abelian Gauge Theories

(Compact Lie groups, the covariant derivative, the adjoint representation,
the �eld strength FA

µν, and Yang�Mills theory)

Typed version of the handwritten notes, with added explanations in blue boxes

How to read this document

Conventions. Exactly as in Lectures 1�21: normal text and the yellow / pink / grey boxes
are a faithful transcription of the handwritten sheets, and the text colours follow the pens of
the original (blue, magenta, green, red, pencil). Everything inside a blue box like this one is
material I have added; it is not in the original notes.

Pagination. This scan opens a new chapter, �Non-abelian gauge theories�, and the page
numbering restarts at 1 again. Since the previous chapter carried ten stars, these sheets
are marked with eleven: [p. 1∗∗∗∗∗∗∗∗∗∗∗]�[p. 24∗∗∗∗∗∗∗∗∗∗∗]. This scan is in order and complete
� no pages are swapped, duplicated or missing.

Where the scan stops. Sheet [p. 24∗∗∗∗∗∗∗∗∗∗∗] opens the case of semi-simple groups and
breaks o� just after stating that GA

µ and FA
µν again transform in the adjoint. A closing blue

box completes that thought � in particular the one point the construction implies but the
sheet does not reach: a semi-simple group has one independent coupling per simple factor.

Notation. The gauge �elds are written GA
µ throughout (not Aa

µ), with capital latin A,B,C =
1, . . . ,dimG labelling the generators and lower-case latin a, b labelling components of the
matter multiplet. Do not confuse the two alphabets: Φa carries a representation index, GA

µ

an algebra index.

One thing to watch. The coupling g appears only from [p. 17∗∗∗∗∗∗∗∗∗∗∗] onward, and its
placement changes at [p. 18∗∗∗∗∗∗∗∗∗∗∗] when the �elds are rescaled GA

µ → g GA
µ . Before that

rescaling the Lagrangian carries − 1
4g2
FA
µνF

A,µν with g absent fromDµ and from F ; afterwards

it carries −1
4F

A
µνF

A,µν with g present in both. Both conventions appear in the notes, a few
lines apart, and they describe the same theory.

Where we left o�, and where this is going

The gravity chapter is closed. Lectures 16�19 built a massless spin-2 �eld and found that
consistency forced general relativity; Lectures 20�21 coupled matter to it and found that the
resulting quantum theory is an e�ective theory with cuto�MP . Along the way, one technique
kept reappearing: take a global symmetry, make its parameter depend on x, and discover that
a new �eld � and its interactions � are forced on you. That was how QED was built, and
it was how the graviton's gauge symmetry was deformed into general coordinate invariance
in Lecture 19.
This lecture applies the same machine one more time, in its most consequential form. The
starting symmetry is now a non-abelian compact Lie group, and the output is Yang�Mills
theory: the framework underlying both the strong interaction (SU(3)) and the electroweak
theory (SU(2)× U(1)).
The single new feature, compared with QED, is that the gauge �elds themselves carry charge.
In electromagnetism the photon is electrically neutral and the theory is linear; here the gauge
bosons transform in the adjoint representation, and the theory acquires cubic and quartic
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self-interactions. Structurally this is the same phenomenon that made gravity non-linear in
Lecture 19 � with the crucial di�erence, established at the end, that here the coupling is
dimensionless, so the theory is renormalizable and the non-linearities stop at quartic order.
The construction proceeds in three steps, labelled in the notes:

Step 1
global symmetry G

[pp. 1�4]

Step 2
gauge it: Dµ and GA

µ

[pp. 4�11]

Step 3
dynamics: FA

µν

[pp. 12�22]
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STEP 1 � A global symmetry under a compact Lie group (pp.
1∗∗∗∗∗∗∗∗∗∗∗�4∗∗∗∗∗∗∗∗∗∗∗)

1 Global symmetry and compact Lie groups [p. 1∗∗∗∗∗∗∗∗∗∗∗]
[p. 1∗∗∗∗∗∗∗∗∗∗∗]

■ Non-abelian gauge theories

Motivated by the success of the minimal coupling prescription, we try to construct a non-abelian
generalization of electromagnetism

Step 1 We start considering a free Lagrangian that is invariant under a global symmetry group
G that is a compact Lie group

L = L(Φa, ∂µΦ
a) quadratic in the �eld, with at most two derivatives, invariant

under the transformation

Φa(x) −→ Φ′a(x) =
[
exp

(
− iθATA

)]a
bΦ

b(x)

↗ θA are the global parameters that identify a trans-
formation of G

↖ TA, A = 1, . . . ,dimG are the gen-
erators

The generators close the Lie algebra

[
TA, TB

]
= ifABC T

C
↖ �structure constants�
fully antisymmetric if the group is compact

Unpacking the starting point

Three requirements are being imposed at once, and each earns its place:
�Quadratic in the �eld, at most two derivatives� � this is the free Lagrangian. Re-
stricting to two derivatives keeps the theory renormalizable; quadratic means no interactions
yet.
�Global� � the parameters θA are constants, the same at every point of spacetime. This is
the symmetry that Step 2 will localize.
�Compact� � this is doing more work than it looks. Compactness guarantees (i) that �nite-
dimensional representations can be taken unitary, hence the generators Hermitian (next page);
(ii) that the structure constants can be chosen fully antisymmetric, which is what makes
tr(TATB) ∝ δAB and hence lets FA

µνF
A,µν be a sensible, positive-de�nite kinetic term later

on. A non-compact group would give kinetic terms with the wrong sign for some generators
� ghosts.
Reading the exponential. exp(−iθATA) is a matrix acting on the index a of the multiplet
Φa; the sum over A runs over the dimG generators. �Non-abelian� means the TA do not
commute, and the Lie algebra [TA, TB] = ifABCT

C quanti�es exactly how much they fail to.
In electromagnetism G = U(1) has one generator, fABC = 0, and everything below collapses
to the familiar abelian case. Every new feature of this lecture traces back to fABC ̸= 0.
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2 Hermitian generators; the simple compact groups [p. 2∗∗∗∗∗∗∗∗∗∗∗]
[p. 2∗∗∗∗∗∗∗∗∗∗∗]

The generators are Hermitian,

(
TA

)†
= TA

since G is compact, �nite dim. representations are equivalent to uni-
tary representations

We also write in compact form

Φ(x) −→ U(θ⃗) Φ(x) , U(θ⃗) = exp
(
− iθATA

)
We start by focusing on compact simple Lie group

▶ non-abelian, with no non-trivial normal subgroup

These groups are a sort of �elementary objects� and can be classi�ed

G dimG

SU(N) N2 − 1
SO(N) N(N − 1)/2
Sp(N) N(2N + 1)/2

E6, E7, E8, 78, 133, 248 �exceptional groups�
F4, G2 52, 14

Why Hermitian, and what the table is

Hermiticity. If the representation is unitary, U †U = 1. Writing U = exp(−iθATA) and
expanding to �rst order, U †U = (1 + iθA(T

A)†)(1− iθBTB) = 1 + iθA
[
(TA)† − TA

]
+O(θ2),

so unitarity at �rst order is (TA)† = TA. Compactness is what guarantees a unitary repre-
sentation exists in the �rst place (one can average over the group with an invariant measure
of �nite volume � Weyl's unitarian trick).
The classi�cation. This is the Cartan classi�cation of simple compact Lie algebras, and its
content is that the table is complete: four in�nite families plus exactly �ve exceptional cases,
and nothing else. It is one of the great results of nineteenth-century mathematics and it is
why particle physics has such a short menu of candidate gauge groups.
Sanity checks on the dimensions. SU(N) matrices are N × N , unitary (N2 real con-
straints on 2N2 real parameters, leaving N2) and of unit determinant (one more), so N2− 1.
For SU(2) this gives 3 (the Pauli matrices), for SU(3) it gives 8 (the eight gluons). SO(N)
is the number of independent rotation planes, N(N − 1)/2: for N = 3, three rotations.
Where these appear in nature. SU(3) is the colour group of QCD � dim = 8, hence
eight gluons. SU(2) × U(1) is the electroweak group. The exceptional groups E6 and E8

appear in grand-uni�cation and string model-building.

3 Example: N Dirac �elds in the fundamental [pp. 3�4∗∗∗∗∗∗∗∗∗∗∗]
[p. 3∗∗∗∗∗∗∗∗∗∗∗]

The explicit form of the generators depends on the representation of G under which the �elds Φa

transform.

Example
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Consider a set of N Dirac �eld ψa(x), a = 1, . . . , N
We collect them into a N -dimensional vector

Ψ(x) =

ψ1(x)
...

ψN (x)

 ←− N.B. each ψa(x) has, in turn, 4 components since it is
a Dirac spinor

that transform under the group SU(N) according to the fundamental representation

Ψ(x) −→ Ψ′(x) = exp
(
− i

N2−1∑
A=1

θAT
A
)
Ψ(x) = U(θ⃗)Ψ(x)

We also introduce

Ψ(x) =
(
ψ̄1(x), . . . , ψ̄N (x)

)
Ψ† =

(
ψ1†, . . . , ψN†)

Ψ = Ψ†γ0 1N×N = Ψ(x)

that transforms according to

Ψ(x) −→ Ψ(x)U(θ⃗)−1

The Lagrangian [p. 4∗∗∗∗∗∗∗∗∗∗∗]

L = Ψ iγµ(∂µΨ)−mΨΨ
is invariant under the global SU(N) group

↙ all �elds have the same mass �m�

Since the symmetry is global

∂µΨ(x) −→ ∂µ
(
U(θ⃗)Ψ(x)

)
= U(θ⃗)

(
∂µΨ(x)

)
The term

Ψiγµ(∂µΨ) −→ ΨU−1iγµU (∂µΨ), therefore, is trivially invariant.

Two index structures at once, and why the mass is universal

Two kinds of index. Ψ carries a Dirac index (4 components, acted on by γµ) and a group
index (N components, acted on by TA and U). The two never mix: γµ is proportional to
the identity in group space, U is proportional to the identity in spinor space. That is exactly
why U−1γµU = γµ in the line above � they commute because they act on di�erent indices.
The explicit 1N×N in the de�nition of Ψ is the note making this point.
Why Ψ → ΨU−1. From Ψ → UΨ we get Ψ† → Ψ†U †, and U unitary gives U † = U−1. So
ΨΨ→ ΨU−1UΨ = ΨΨ: the mass term is invariant.
Why all N �elds must share one mass m. The mass term mΨΨ = m

∑
a ψ̄aψ

a is only
invariant because it is proportional to the identity in group space. Di�erent masses would
mean ΨMΨ with M = diag(m1, . . . ,mN ), and invariance would require U−1MU = M for
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every U ∈ SU(N) � which forces M ∝ 1. So an exact non-abelian symmetry predicts

a degenerate multiplet. This is why isospin symmetry (approximate SU(2)) goes with the
near-degeneracy of the proton and neutron, and why breaking such symmetries is what splits
masses.

STEP 2 � Gauging the symmetry (pp. 4∗∗∗∗∗∗∗∗∗∗∗�11∗∗∗∗∗∗∗∗∗∗∗)

4 The problematic term [pp. 4�5∗∗∗∗∗∗∗∗∗∗∗]

Step 2 We �gauge� the symmetry, and promote θ⃗ to be a space-time dependent set of parameters

Φa(x) −→ Φ′a(x) = exp
(
− iθA(x)TA

)a

b︸ ︷︷ ︸Φb(x)

↪→ ≡ U(θ⃗(x)) ≡ U(x)

The Lagrangian L(Φa, ∂µΦ
a) is no longer invariant, and the reason is the derivative term

Consider the previous example for illustration. [p. 5∗∗∗∗∗∗∗∗∗∗∗]

∂µΨ(x) −→ ∂µ

(
exp

(
− iθA(x)TA

)
Ψ(x)

)
= ∂µ

(
U(x)Ψ(x)

)
=

(
∂µU(x)

)
Ψ(x)︸ ︷︷ ︸

problematic term

+ U(x)
(
∂µΨ(x)

)

We try to solve the issue by following the same logic of the minimal coupling prescription:
we introduce a �covariant derivative�

DµΦ = ∂µΦ+ iGA
µ T

AΦ ▶ we introduce dimG �gauge �elds�

and we impose that this covariant derivative is such that it transforms under the local transfor-
mation as the ordinary derivative does when the transformation is local

DµΦ
local−−−→
G

U(x)
(
DµΦ

)
⋆

Let's work out the implications of this condition.
Let's compute both sides of the transformation(

DµΦ
)′ !
= U(x)

(
DµΦ

)
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The idea in one sentence

The ordinary derivative fails because it di�erentiates U(x) as well as Φ(x), producing the
stray term (∂µU)Φ. The �x is to add a new �eld whose transformation law is designed to
cancel exactly that stray term.
This is not a trick invented here � it is the same move as in QED (Dµ = ∂µ + iqAµ), and
structurally the same as the covariant derivative of general relativity, where the Christo�el
symbols cancel the inhomogeneous piece in the transformation of ∂µV

ν . In all three cases:

stray term compensating �eld

QED ∂µα Aµ (1 �eld)
Yang�Mills (∂µU)U−1 GA

µ (dimG �elds)

gravity ∂µ(∂x
′/∂x) Γλ

µν

Note the counting: one gauge �eld per generator. SU(3) has eight generators, hence eight
gluons. Nothing chooses this number by hand; it is dimG.

5 Deriving the gauge-�eld transformation law [p. 6∗∗∗∗∗∗∗∗∗∗∗]
[p. 6∗∗∗∗∗∗∗∗∗∗∗]

On the left side: (
DµΦ

)′
=

(
∂µΦ+ iGA

µT
AΦ

)′
= ∂µΦ

′ + iG′A
µ T

AΦ′ =

= ∂µ
(
UΦ

)
+ iG′A

µ T
AUΦ =

=
(
∂µU

)
Φ+ U

(
∂µΦ

)
+ iG′A

µ T
AUΦ

On the right side:

U(x)
(
DµΦ

)
= U

(
∂µΦ+ iGA

µT
AΦ

)
= U

(
∂µΦ

)
+ iU GA

µT
AΦ

■ We now compare(
∂µU

)
Φ+�����U

(
∂µΦ

)
+ iG′A

µ T
AUΦ =�����U

(
∂µΦ

)
+ iU GA

µT
AΦ

iG′A
µ T

AUΦ = iU GA
µT

AΦ−
(
∂µU

)
Φ

at the level of operators

G′A
µ T

A U = U GA
µT

A + i
(
∂µU

)
multiplying by U−1 on the right

G′A
µ T

A = i
(
∂µU

)
U−1 + U GA

µT
A U−1

This computation shows that if

GA
µT

A −→ G′A
µ T

A = i
(
∂µU

)
U−1 + U GA

µT
A U−1

[p. 7∗∗∗∗∗∗∗∗∗∗∗]

then the covariant derivative transforms as in ⋆

↪→ The non-abelian analogue to the abelian combined gauge transformations is
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{
Φ(x) −→ U(x)Φ(x)

GA
µ (x)T

A −→ i
[
∂µU(x)

]
U(x)−1 + U(x)GA

µ (x)T
A U(x)−1

Reading the two pieces of the transformation

The gauge-�eld transformation splits into two structurally di�erent terms, and almost every-
thing interesting in this lecture follows from the split:

Gµ −→ i(∂µU)U−1︸ ︷︷ ︸
inhomogeneous

+ U Gµ U
−1︸ ︷︷ ︸

homogeneous

, Gµ ≡ GA
µT

A.

� The inhomogeneous term is the shift that cancels (∂µU)Φ. It survives only when U
depends on x, so it encodes the local nature of the symmetry. In QED it is the familiar
Aµ → Aµ + ∂µα.

� The homogeneous term is a conjugation. It is present even for constant U , and it says
the gauge �elds carry a group index that gets rotated. This term has no analogue in

QED: for U(1), U is a number, conjugation does nothing, and Aµ is inert under a global
phase rotation.

Pages 8�12 are devoted entirely to unpacking the second term, because it is what makes the
theory non-abelian.
A note on the compact matrix notation: writing Gµ ≡ GA

µT
A turns the whole set of dimG

�elds into a single matrix-valued object, and lets U(. . . )U−1 be written without indices. It
is worth getting comfortable with, since every subsequent manipulation uses it.

6 The gauged Dirac Lagrangian [p. 7∗∗∗∗∗∗∗∗∗∗∗]

Consequently, if we promote the ordinary derivative to be covariant, we get a theory that is
invariant under the �gauged� symmetry

Example

Consider the Lagrangian we constructed before

L = Ψ iγµ∂µΨ−mΨΨ

↓ if we promote the derivative

L = Ψ iγµ
(
DµΨ

)
−mΨΨ

DµΨ = ∂µΨ+ iGA
µT

AΨ

invariant under local SU(N) symmetry

The kinetic term is now invariant since

Ψ iγµDµΨ −→ ΨU−1iγµ U
(
DµΨ

)
= Ψ iγµ

(
DµΨ

)
Before moving to Step 3, let us discuss a bit more the transformation rule of the gauge �elds.
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7 The global limit [pp. 8�9∗∗∗∗∗∗∗∗∗∗∗]
[p. 8∗∗∗∗∗∗∗∗∗∗∗]

GA
µT

A −→ i(∂µU)U−1 + U GA
µT

A U−1

(compared to the abelian Aµ → Aµ + ∂µα)

Let's discuss the above transformation by considering, as a speci�c example, the case of the Dirac
SU(N) model.

We write explicitly the Lagrangian as

L = Ψiγµ
(
∂µΨ+ iGA

µT
AΨ

)
−mΨΨ =

= Ψiγµ
(
∂µΨ

)
−mΨΨ−ΨγµGA

µT
AΨ

L = Ψiγµ
(
∂µΨ

)
−mΨΨ−ΨγµGA

µT
AΨ

By construction, this Lagrangian is invariant under a local gauge transformation.

Consider now the limit in which the transformation is global, θA(x) ≡ θA = const.
The Lagrangian must be invariant, since a global transformation is a special case of a local one.

If we �downgrade� the symmetry to be global, the transformations are

Ψ(x) −→ UΨ(x) ; GA
µT

A −→ U GA
µT

A U−1

[p. 9∗∗∗∗∗∗∗∗∗∗∗]

The Lagrangian is obviously invariant.
In particular, the last term transforms according to

ΨγµGA
µT

AΨ −→ ΨU−1γµ
(
UGA

µT
AU−1

)
UΨ =

= ΨγµGA
µT

AΨ, invariant

Consequently, in the transformation

GA
µT

A −→ i(∂µU)U−1︸ ︷︷ ︸
(i)

+U GA
µT

A U−1︸ ︷︷ ︸
(ii)

(i) This term takes into account the local na-
ture of the transformation when the global
symmetry is gauged (∂µU ̸= 0)

(ii) This term takes into account that, un-
der a gauge transformation, the gauge �elds
transform non trivially

△ Crucial di�erence compared to electromagnetism, in which the photon �eld does not
transform when the symmetry U(1) is global: Aµ → Aµ

We now ask the following, related, question. According to which representation of G the gauge
�eld transform?

The physical content: gauge bosons are charged

Aµ → Aµ under a global U(1)means the photon carries no electric charge. GA
µ → UGA

µT
AU−1

means the gauge bosons do carry the charge of the group: gluons are coloured.
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The consequences are the whole di�erence between QED and QCD:

QED Yang�Mills

gauge boson charge neutral charged (adjoint)
self-interaction none cubic and quartic vertices
�eld equations linear non-linear
long-distance behaviour Coulomb, free charges con�nement
running coupling grows with energy shrinks (asymptotic freedom)

The same logical pattern appeared in Lecture 19: the graviton carries energy, energy is the
gravitational charge, so gravity self-interacts. Here the gauge boson carries colour, colour is
the charge, so the gluon self-interacts. Both theories are non-linear for the same structural
reason � and the question of which representation the gauge �eld falls into is answered next.

8 In�nitesimal form: the adjoint representation [pp. 10�12∗∗∗∗∗∗∗∗∗∗∗]
[p. 10∗∗∗∗∗∗∗∗∗∗∗]

In general, under a global symmetry transformation, we have that a �eld transform according to
(for an in�nitesimal transformation)

Φa(x) −→ Φ′a(x) = Φa(x)− iαA

(
TA

)a
bΦ

b(x) +O(α2)

In the in�nitesimal form, we can isolate the generators of G in the representation according to
which Φa transform.

Let us thus write
GA

µT
A −→ G′A

µ T
A = i(∂µU)U−1 + U

(
GA

µT
A
)
U−1

In in�nitesimal form U = exp(−iθATA) = 1− iθATA +O(θ2)

G′A
µ T

A = i
(
∂µ

(
�1− iθATA

))(
1+ iθAT

A
)
+

(
1− iθATA

)(
GB

µ T
B
)(
1+ iθAT

A
)

= i(−i)(∂µθA)TA +GA
µT

A − iθATAGB
µ T

B + iGB
µ T

BθAT
A +O(θ2)

= (∂µθA)T
A +GA

µT
A − iθAGB

µ

[
TA, TB

]
=

= GA
µT

A + (∂µθA)T
A − iθAGB

µ ifABCT
C =

= GA
µT

A + (∂µθA)T
A + θBG

C
µ fBCAT

A =
[p. 11∗∗∗∗∗∗∗∗∗∗∗]

=
(
GA

µ + (∂µθA) + fABC θB G
C
µ

)
TA

We write

GA
µ −→ G′A

µ = GA
µ + ∂µθ

A + fABC θB G
C
µ

We elaborate on this expression as follows

G′A
µ = GA

µ + ∂µθ
A − i

(
ifABC

)
θBG

C
µ

= GA
µ + ∂µθ

A − i
(
− ifBAC

)︸ ︷︷ ︸ θBGC
µ
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↪→ we de�ne

(
tB

)
AC
≡ −ifBAC

So that

in�nitesimal gauge �eld transformation

GA
µ −→ G′A

µ = GA
µ +

(
∂µθ

A
)
− iθB

(
tB

)
AC
GC

µ

If the symmetry is global, ∂µθ
A = 0, and

GA
µ

global−−−→
G

GA
µ − iθB

(
tB

)
AC
GC

µ

We thus �nd that the gauge �elds transform under (global) G according to the representation in
which the generators take the form [p. 12∗∗∗∗∗∗∗∗∗∗∗]

(
tB

)
AC

= −ifBAC

This is known as the �adjoint representation�

What the adjoint representation is, and why it had to be this one

The de�nition. An ordinary (say fundamental) representation assigns to each generator a
matrix acting on the multiplet index a. The adjoint representation is the one in which the
generators are given by the structure constants themselves,(

tB
)
AC

= −ifBAC ,

so the matrices are dimG × dimG and the �multiplet� being acted on is the algebra itself.
Its dimension therefore equals the dimension of the group: for SU(3), eight gluons in an
eight-dimensional representation.
Why it must be the adjoint. GA

µ has exactly one index of the same type as θA � an algebra
index. There is only one natural way the algebra can act on itself, namely by the commutator,
and that action is by de�nition the adjoint. The compact-form statement Gµ → UGµU

−1

says the same thing without indices: conjugation is the adjoint action.
Check that these matrices really satisfy the algebra. They do, and the proof is the
Jacobi identity fABEfECD + fBCEfEAD + fCAEfEBD = 0, which is precisely the statement
[tA, tB] = ifABCt

C . So the structure constants are not merely bookkeeping � they are
themselves a representation.
The physical statement. The gauge bosons transform in the adjoint; matter �elds trans-
form in whatever representation you chose for them (fundamental, in the example). In QCD:
quarks in the fundamental (3 colours), gluons in the adjoint (8 colours). For U(1), fABC = 0,
the adjoint is trivial, and the photon is neutral � which is exactly the earlier observation
Aµ → Aµ, now derived rather than noted.
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STEP 3 � The dynamics of the gauge �elds (pp.
12∗∗∗∗∗∗∗∗∗∗∗�22∗∗∗∗∗∗∗∗∗∗∗)

9 Inspiration from QED: the commutator of covariant derivatives
[p. 12∗∗∗∗∗∗∗∗∗∗∗]

Step 3 We introduce a term describing the dynamics of the gauge �elds

We need a term analogue to −1
4FµνF

µν of QED.
Such would-be term must be:

i) a function of GA
µ and derivatives;

ii) gauge invariant.

↪→ Let's take inspiration from QED

DµDνψ =
(
∂µ + iqAµ

)(
∂ν + iqAν

)
ψ =

=
(
∂µ + iqAµ

)(
∂νψ + iqAνψ

)
=

=
(
∂µ∂νψ

)
+ iq

(
∂µAν

)
ψ + iqAν

(
∂µψ

)
+ iqAµ

(
∂νψ

)
− q2AµAνψ

If we take the di�erence DµDνψ −DνDµψ, all symmetric terms vanish, and we �nd

DµDνψ −DνDµψ = iq Fµνψ

Why the commutator is the right thing to look at

Individually, DµDνψ contains ∂µ∂νψ and terms with derivatives acting on ψ � it depends
on the �eld ψ in a complicated way. In the commutator every term that di�erentiates ψ is
symmetric in µ↔ ν and cancels, leaving something proportional to ψ with no derivatives on
it at all. What multiplies ψ is therefore a pure function of the gauge �eld: the �eld strength.
Two ways to say what this means:

� Algebraically: Fµν measures the failure of covariant derivatives to commute.

� Geometrically: it measures the failure of parallel transport around a closed in�nitesimal
loop to return you to where you started � it is a curvature. The identical statement in
general relativity is [∇µ,∇ν ]V

ρ = Rρ
σµνV

σ, with the Riemann tensor in place of Fµν .

And crucially, this de�nition will make the transformation law of F easy to �nd � which is
the point of the next page, and the reason for de�ning F this way rather than just guessing
∂µGν − ∂νGµ.
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10 De�ning FA
µν [pp. 13�14

∗∗∗∗∗∗∗∗∗∗∗]
[p. 13∗∗∗∗∗∗∗∗∗∗∗]

We mimic this equation, and look for a function FA
µν(x) such that

DµDνΦ−DνDµΦ = i FA
µν(x)T

AΦ ■

■ First of all, we note that a function de�ned this way will have very �nice� transformation
properties under local G.

↪→ We work out the transformation properties of FA
µν

We know that
DµΦ −→

(
DµΦ

)′
= U

(
DµΦ

)
We also write

(
DµΦ

)′
= D′

µΦ
′ = D′

µUΦ so that, at operator level, we have

D′
µUΦ = UDµΦ ⇝ Dµ −→ D′

µ = U Dµ U
−1

As a consequence

DµDνΦ −→ D′
µD

′
νΦ

′ =
(
UDµU

−1
)(
UDνU

−1
)
UΦ = U

(
DµDνΦ

)
We thus �nd that

DµDνΦ−DνDµΦ
local−−−→
G

U
(
DµDνΦ−DνDµΦ

)
[p. 14∗∗∗∗∗∗∗∗∗∗∗]

From ■, we get:

iFA
µνT

AΦ
local−−−→
G

iF ′A
µνT

AΦ′ =
(
DµDνΦ−DνDµΦ

)′
= U

(
DµDνΦ−DνDµΦ

)
= U iFA

µνT
AΦ

We �nd
F ′A
µνT

AUΦ = U FA
µνT

AΦ
operator−−−−−→
level

F ′A
µνT

AU = U FA
µνT

A

that is F ′A
µνT

A = U
(
FA
µνT

A
)
U−1

We �nd

FA
µνT

A local−−−→
G

F ′A
µνT

A = U
(
FA
µνT

A
)
U−1

↑ This is the same transformation rule of the global part of GA
µT

A

FA
µν transform according to the adjoint representation of G

This is �nice� because it is simple to construct invariant objects.

Take tr
[
FA
µνT

A FB,µνTB
]



Unifying Special Relativity and Quantum Mechanics � Lecture 22 14

The key structural point

Compare the two transformation laws:

Gµ −→ i(∂µU)U−1︸ ︷︷ ︸
inhomogeneous

+UGµU
−1, Fµν −→ UFµνU

−1.

F transforms homogeneously � no inhomogeneous piece. That is what makes it usable
for building a Lagrangian: an object that transforms by conjugation can be combined into
invariants, whereas one with an additive shift cannot.
But note the contrast with QED. There, Fµν is fully gauge invariant : Fµν → Fµν , and

E⃗ and B⃗ are directly observable. Here FA
µν is only covariant � it rotates into itself under

the adjoint action. The non-abelian �eld strength is therefore not itself an observable; only
invariants built from it, like the trace below, are. This is why one must take a trace at all, a
step with no counterpart in electromagnetism.

11 The gauge-invariant trace, and the Dynkin index [p. 15∗∗∗∗∗∗∗∗∗∗∗]
[p. 15∗∗∗∗∗∗∗∗∗∗∗]

tr
(
FA
µνT

AFB,µνTB
)
−→ tr

(
UFA

µνT
AU−1 UFB,µνTBU−1

)
= tr

(
UFA

µνT
AFB,µνTBU−1

)
=

(∗)
= tr

(
FA
µνT

AFB,µνTB
)

(∗) using cyclic property of tr

We thus �nd that tr
(
FµνF

µν
)
, with Fµν ≡ FA

µνT
A, is a gauge invariant object.

We can also rewrite this object as follows

tr
(
FµνF

µν
)
= tr

(
FA
µνT

AFB,µνTB
)
= FA

µνF
B,µν tr

(
TATB

)︸ ︷︷ ︸
in principle, we need this trace

⊗

In the case of a compact Lie group, the exact value of this trace depends on the speci�c represen-

tation of the generators TA, and we write

tr
(
TA
R T

B
R

)
= CR δAB

CR is called �Dynkin index� of the representation �R�

For instance, in the fundamental representation of SU(N) the Dynkin index is 1/2.

⊗ = FA
µνF

B,µν CR δAB = CR F
A
µνF

A,µν

[p. 16∗∗∗∗∗∗∗∗∗∗∗]

Irrespectively on the speci�c value of CR, the important point here is that

N2−1∑
A=1

FA
µνF

A,µν is invariant under local G transformations
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Why tr(TATB) ∝ δAB

This is where compactness pays o� again. For a compact simple group one can always choose
a basis of generators in which tr(TATB) = CRδAB � the trace form (Killing form) is positive
de�nite and can be diagonalized and normalized. Two consequences:

� The kinetic term collapses to the simple sum
∑

A F
A
µνF

A,µν , so each gauge �eld gets a
properly normalized, same-sign kinetic term. Positive de�niteness is essential: a non-
compact group would give some generators negative-norm kinetic terms, i.e. ghosts.

� δAB also lets algebra indices be raised and lowered freely, which is why fABC can be taken
fully antisymmetric (as asserted on [p. 1∗∗∗∗∗∗∗∗∗∗∗]).

For SU(N) fundamental, the standard normalization is tr(TATB) = 1
2δAB, so CR = 1/2 �

for SU(2) this is the familiar TA = σA/2. The adjoint representation of SU(N) has CA = N
instead. These constants are exactly what appear in the beta function of the theory, and
hence in asymptotic freedom.

12 Computing FA
µν explicitly [pp. 16�17∗∗∗∗∗∗∗∗∗∗∗]

We only need to �nd FA
µν !

We use the de�nition ■

We compute explicitly the left hand side

DµDνΦ−
(
µ↔ ν

)
= iFA

µνT
AΦ

DµDνΦ =
(
∂µ + iGA

µT
A
)(
∂ν + iGA

ν T
A
)
Φ =

=
(
∂µ + iGA

µT
A
)(
∂νΦ+ iGA

ν T
AΦ

)
=

= ∂µ∂νΦ+ i
(
∂µG

A
ν

)
TAΦ+ iGA

ν T
A
(
∂µΦ

)
+ iGA

µT
A
(
∂νΦ

)
−GA

µT
AGB

ν T
BΦ

When we take the di�erence, we are left with

DµDνΦ−DνDµΦ = i
(
∂µG

A
ν

)
TAΦ− i

(
∂νG

A
µ

)
TAΦ

−GA
µT

AGB
ν T

BΦ+GA
ν T

AGB
µ T

BΦ =

= i
(
∂µG

A
ν − ∂νGA

µ

)
TAΦ+GA

ν G
B
µ

(
TATB − TBTA

)
Φ =

[p. 17∗∗∗∗∗∗∗∗∗∗∗]

= i
(
∂µG

A
ν − ∂νGA

µ

)
TAΦ+GA

ν G
B
µ ifABCT

CΦ =

= i
(
∂µG

A
ν − ∂νGA

µ

)
TAΦ+ iGC

ν G
B
µ fCBAT

AΦ =

= i
(
∂µG

A
ν − ∂νGA

µ − fABCG
B
µG

C
ν

)
TAΦ

From the comparison with the right-hand side
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FA
µν = ∂µG

A
ν − ∂νGA

µ − fABC G
B
µG

C
ν

The extra term, and a check

The �rst two terms are exactly the abelian �eld strength, one copy for each value of A. The
third term, −fABCG

B
µG

C
ν , is new and is quadratic in the gauge �eld. It exists only because

the generators fail to commute.
The sign chain, since it is easy to lose. Going from the second to the third line uses full
antisymmetry of f : relabelling A→ C in GA

ν G
B
µ fABCT

C and then C → A gives ifCBAG
B
µG

C
ν ,

and fCBA = −fABC because ABC → CBA swaps two indices. Hence the minus sign in the
box.
Why this single term changes everything. F is now quadratic in G, so F 2 contains terms
with three and four powers ofG: the Lagrangian ∼ F 2 is no longer a free theory. Those are the
cubic and quartic self-interactions extracted on [p. 19∗∗∗∗∗∗∗∗∗∗∗�p. 21∗∗∗∗∗∗∗∗∗∗∗]. Set fABC =
0 and the whole lecture collapses to dimG non-interacting copies of electromagnetism.

13 The Lagrangian, and the rescaling GA
µ → g GA

µ [pp. 17�18
∗∗∗∗∗∗∗∗∗∗∗]

We thus arrive at the Lagrangian

L = − 1

4g2
FA
µνF

A,µν + L
(
Φ, DµΦ

) ←− note that these two terms are
independently gauge invariant

�g�, at this stage, is a free constant

Let us look more in detail about the structure of this term.
We write, using the de�nition [p. 18∗∗∗∗∗∗∗∗∗∗∗]

FA
µνF

A,µν =
(
∂µG

A
ν − ∂νGA

µ − fABCG
B
µG

C
ν

)
×(

∂µGA,ν − ∂νGA,µ − fADEG
D,µGE,ν

)
=

=
(
∂µG

A
ν − ∂νGA

µ

)(
∂µGA,ν − ∂νGA,µ

)
︸ ︷︷ ︸+interactions

This is the same as the term FµνF
µν = (∂µAν − ∂νAµ)(∂

µAν − ∂νAµ) for the photon �eld but
written for GA

µ (�A� �xed)

We thus rescale the gauge �elds
GA

µ → g GA
µ
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− 1

4g2
FA
µνF

A,µν = − 1

4g2

(
g∂µG

A
ν − g∂νGA

µ − g2fABCG
B
µG

C
ν

)
×(

g∂µGA,ν − g∂νGA,µ − g2fADEG
D,µGE,ν

)
=

= − 1

4��g
2 �

��(g2)
(
∂µG

A
ν − ∂νGA

µ − gfABCG
B
µG

C
ν

)
(
∂µGA,ν − ∂νGA,µ − gfADEG

D,µGE,ν
)
=

= −1

4

(
∂µG

A
ν − ∂νGA

µ

)(
∂µGA,ν − ∂νGA,µ

)
+ interactions

With this normalization, each �eld GA
µ has a photon-like kinetic term.

Two conventions, one theory

It is worth being explicit about what just happened, because the placement of g changes and
it is a common source of confusion.

before rescaling after G→ gG

DµΦ ∂µΦ+ iGA
µT

AΦ ∂µΦ+ igGA
µT

AΦ

FA
µν ∂µG

A
ν − ∂νGA

µ − fABCG
B
µG

C
ν ∂µG

A
ν − ∂νGA

µ − gfABCG
B
µG

C
ν

kinetic term − 1
4g2
FAFA −1

4F
AFA

Both describe the same physics � g is just a �eld normalization away from one place or the
other. The second convention is the standard one and the one used from [p. 19∗∗∗∗∗∗∗∗∗∗∗] on,
because it makes the free part look exactly like dimG copies of Maxwell, so the propagator
can be read o� immediately.
The �rst convention has its own virtue: with − 1

4g2
F 2, the coupling appears only as an

overall factor multiplying the whole gauge action. That makes the classical �eld equations
independent of g, and it is the form in which the coupling is most naturally seen as 1/g2

counting loops. It is also the form used in lattice gauge theory and in instanton calculations.

14 Yang�Mills theory [p. 19∗∗∗∗∗∗∗∗∗∗∗]
[p. 19∗∗∗∗∗∗∗∗∗∗∗]

We arrive at the so called Yang�Mills theories

L = −1
4F

A
µνF

A,µν + LM
(
Φ, DµΦ

)
FA
µν = ∂µG

A
ν − ∂νGA

µ − gfABCG
B
µG

C
ν

DµΦ = ∂µΦ+ ig GA
µT

AΦ

We distinguish between

LYM ≡ −1
4F

A
µνF

A,µν �pure� Yang�Mills
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LM
(
Φ, DµΦ

)
�matter sector�

■ Pure Yang�Mills theory

We focus on LYM = −1
4F

A
µνF

A,µν , and expand it more carefully.

LYM = −1

4

(
∂µG

A
ν − ∂νGA

µ − gfABCG
B
µG

C
ν

)
×(

∂µGA,ν − ∂νGA,µ − gfADEG
D,µGE,ν

)
=

[p. 20∗∗∗∗∗∗∗∗∗∗∗]

= − 1
4

(
∂µG

A
ν − ∂νGA

µ

)(
∂µGA,ν − ∂νGA,µ

)
− 1

4

(
∂µG

A
ν − ∂νGA

µ

)(
− gfADEG

D,µGE,ν
)

− 1
4

(
− gfABCG

B
µG

C
ν

)(
∂µGA,ν − ∂νGA,µ

)
− 1

4

(
− gfABC

)(
− gfADE

)(
GB

µG
C
ν

)(
GD,µGE,ν

)
=

= − 1
4

(
∂µG

A
ν − ∂νGA

µ

)(
∂µGA,ν − ∂νGA,µ

)
+ g

2fABC

(
∂µG

A
ν − ∂νGA

µ

)
GB,µGC,ν

− g2

4 fABCfADE G
B
µG

C
ν G

D,µGE,ν =

= − 1
4

(
∂µG

A
ν − ∂νGA

µ

)(
∂µGA,ν − ∂νGA,µ

)
+ gfABC

(
∂µG

A
ν

)
GB,µGC,ν − g2

4 fABCfADE G
B
µG

C
ν G

D,µGE,ν

LYM = −1
4

(
∂µG

A
ν − ∂νGA

µ

)(
∂µGA,ν − ∂νGA,µ

)︸ ︷︷ ︸
free theory

+ gfABC

(
∂µG

A
ν

)
GB,µGC,ν − g2

4 fABCfADE G
B
µG

C
ν G

D,µGE,ν︸ ︷︷ ︸
interactions

15 The three terms individually [pp. 21�22∗∗∗∗∗∗∗∗∗∗∗]
[p. 21∗∗∗∗∗∗∗∗∗∗∗]

Individually

■ −1
4

(
∂µG

A
ν − ∂νGA

µ

)(
∂µGA,ν − ∂νGA,µ

)
kinetic term

[
GA

µ

]
= [M ]

Each gauge boson GA
µ propagates like a photon
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µ ν

−igµν
p2 + iε

■ gfABC

(
∂µG

A
ν

)
GB,µGC,ν trilinear self interaction

g

■ −g2

4 fABCfADE G
B
µG

C
ν G

D,µGE,ν quartic self interaction

g2

In summary:

LYM describes an interacting �eld theory of dimG massless gauge bosons

There is (in the case of simple group G) one parameter, �g�, called the �gauge coupling� that
controls the strenght of the interactions. [p. 22∗∗∗∗∗∗∗∗∗∗∗]

�g� is dimensionless ⇝ interactions are renormalizable

The theory is non-linear, but non-linearities stop at the quartic order

Comparing with gravity � why this theory is well behaved

This is worth pausing on, because the contrast with Lectures 19�21 is exact and instructive.
Both theories are non-linear for the same reason (the gauge �eld carries the charge it couples
to), yet they behave completely di�erently as quantum theories:

Yang�Mills gravity

coupling g, dimensionless κ, [κ] = [M ]−1

self-interactions stop at quartic in�nite tower O(hn)
amplitude at high E ∼ g2, no growth ∼ E2/M2

P , grows
status renormalizable, complete e�ective theory, cuto� MP

Why the series terminates here but not for gravity. F is quadratic in G, so F 2 is
quartic and stops. In gravity, consistency required the energy�momentum tensor of the grav-
itational �eld itself to be included, and that fed back into an in�nite series. The technical
marker of the di�erence is the dimension of the coupling: dimensionless couplings give op-
erators of dimension exactly 4, and there are �nitely many of those; a coupling of negative
dimension permits an unbounded tower of higher-dimension operators.
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Why [GA
µ ] = [M ]. From the kinetic term (∂G)2 with [L] = [M ]4 and [∂] = [M ]. Then the

cubic vertex gG(∂G)G has dimension 4 only if [g] = 0 � the same counting that makes the
theory renormalizable.
The one loose end this lecture does not reach: quantizing a non-abelian gauge theory requires
more care than QED (Faddeev�Popov ghosts), and the resulting coupling runs, decreasing
at high energy. That asymptotic freedom is what makes QCD calculable at short distances,
and it is a direct consequence of the self-interactions drawn above.

16 The matter sector (fermionic case) [pp. 22�23∗∗∗∗∗∗∗∗∗∗∗]

■ Matter sector (fermionic case)

As a benchmark example, we consider a fermionic matter Lagrangian with Dirac �elds in the
fundamental, considering G = SU(N) as gauge group.

L = −1
4F

A
µνF

A,µν +Ψiγµ
(
DµΨ

)
−mΨΨ

We open up the covariant derivative

Ψiγµ∂µΨ− gΨγµGA
µT

AΨ

L = −1
4F

A
µνF

A,µν +Ψiγµ∂µΨ−mΨΨ− gΨγµGA
µT

AΨ

↖ interaction between the
gauge bosons and the fermions,
with strenght controlled by the
same coupling g

[p. 23∗∗∗∗∗∗∗∗∗∗∗]

In components, the interaction is

−gΨk
γµGA

µ

(
TA

)
km

Ψm

↖ destroy a fermion of type �m�,
create an anti-fermion of type �m�

↙ destroy an anti-fermion of type �k�,
create a fermion of type �k�

The Feynman rule is

m

k

A

µ ≡ −igγµ
(
TA

)
km

↪→ Important observation
By exchanging a non-abelian gauge boson, it is possible to �change� the type of fermions



Unifying Special Relativity and Quantum Mechanics � Lecture 22 21

The last observation is the physically decisive one

In QED the vertex is −iqγµ � a number times a Dirac matrix. Here it is −igγµ(TA)km, and
TA is an o�-diagonal matrix in general. So the incoming fermion of type m and the outgoing
fermion of type k need not be the same type: emitting a gauge boson rotates the particle
within its multiplet.
Concretely:

� In QCD, a red quark emitting a gluon becomes a blue quark; the gluon carries away the
colour di�erence. This is why gluons are coloured, and it is the same statement as �the
gauge �eld transforms in the adjoint�.

� In the electroweak theory, a W boson converts an electron into a neutrino, or an up quark
into a down quark. That is precisely why the weak interaction changes �avour, and hence
why the neutron decays.

Everything traces back to one algebraic fact: for a non-abelian group the generators are
matrices that do not commute, and non-commuting matrices cannot all be diagonal. Note
also that a single coupling g controls the gauge-boson self-interactions and the gauge-boson�
matter interaction � the gauge principle leaves no freedom to make them di�er, which is a
sharp, testable prediction.

17 The case of semi-simple Lie groups [p. 24∗∗∗∗∗∗∗∗∗∗∗]
[p. 24∗∗∗∗∗∗∗∗∗∗∗]

■ The case of semi-simple Lie groups

We now consider the case in which the group G is semi-simple

G = G1 ×G2 × · · · ×Gm
direct product of simple Lie group

dimG = dimG1 + · · ·+ dimGm

From the Lie algebra viewpoint

g = g1 ⊕ g2 ⊕ · · · ⊕ gm

direct sum of Lie subalgebras

We work out the same construction outlined in the case of simple groups. In particular:

We introduce dimG gauge bosons GA
µ in the covariant derivative

DµΦ = ∂µΦ+ iGA
µT

AΦ

with �eld strenght

FA
µν = ∂µG

A
ν − ∂νGA

µ − fABCG
B
µG

C
ν

As in the previous case, GA
µ and FA

µν transform under the adjoint representation of the group G.
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Where the scan stops � and the one point it was heading for

The sheet ends here. The construction goes through essentially unchanged, but there is one
genuinely new feature that the semi-simple case introduces, and it is worth stating because
it is what the section exists for.
One coupling per simple factor. For a simple group, gauge invariance forces a single
coupling g. For a product G = G1 × · · · × Gm, the structure constants vanish between
di�erent factors (fABC = 0 unless A,B,C all belong to the same gi), so each factor's �eld
strength is separately gauge invariant and each can carry its own normalization:

LYM = −
m∑
i=1

1

4g2i
FAi
µν F

Ai,µν ,

i.e. m independent couplings g1, . . . , gm. Nothing relates them � which is exactly why grand
uni�cation, which would relate them by embeddingG in a single simple group, is an interesting
hypothesis rather than a theorem.
The example that matters. The Standard Model gauge group is

G = SU(3)C × SU(2)L × U(1)Y , dimG = 8 + 3 + 1 = 12,

with three couplings g3, g2, g1 � twelve gauge bosons: eight gluons, and the four that become
W±, Z and the photon after electroweak symmetry breaking. (Strictly, U(1) is abelian rather
than simple, so this group is �reductive� rather than semi-simple in the mathematician's sense;
the physics construction is identical, with fABC = 0 for the U(1) factor and hence no self-
interaction for its gauge boson.)
What has been achieved. Starting from nothing but �a free Lagrangian with a global
compact symmetry�, the three steps of this lecture produced: a speci�c number of massless
vector bosons (dimG), their self-interactions (�xed by fABC), their coupling to matter (�xed
by the representation), and a single coupling constant controlling all of it. This is the same
gauge-principle logic that gave QED in earlier lectures and general coordinate invariance in
Lecture 19 � applied here it gives the strong and electroweak interactions.

Summary of Lecture 22 � the logic in nine lines

1. Step 1. Start from a free Lagrangian invariant under a global compact Lie group G,
with Φ → UΦ, U = exp(−iθATA) and [TA, TB] = ifABCT

C . Compactness makes the
generators Hermitian and fABC fully antisymmetric.

2. Step 2. Let θA → θA(x). The derivative term breaks, because ∂µ(UΦ) produces the stray
piece (∂µU)Φ.

3. Introduce dimG gauge �elds via DµΦ = ∂µΦ + iGA
µT

AΦ and demand DµΦ → U(DµΦ).
This forces Gµ → i(∂µU)U−1 + UGµU

−1.

4. The second term survives for constant U : unlike the photon, the gauge bosons are charged.
In�nitesimally they transform with generators (tB)AC = −ifBAC � the adjoint represen-

tation.

5. Step 3. De�ne the �eld strength through the commutator of covariant derivatives,
[Dµ, Dν ]Φ = iFA

µνT
AΦ. It then transforms homogeneously, F → UFU−1, so tr(FµνF

µν)
is gauge invariant.

6. Computing it gives FA
µν = ∂µG

A
ν − ∂νGA

µ − fABCG
B
µG

C
ν � the abelian expression plus a

term quadratic in G.
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7. Rescaling G → gG puts the Lagrangian in standard form, L = −1
4F

AFA + LM , with g
appearing in both F and Dµ.

8. Expanding F 2 gives dimG photon-like kinetic terms plus cubic and quartic self -
interactions. Since [g] = 0 the theory is renormalizable and the non-linearities terminate
at quartic order � unlike gravity.

9. Matter couples as −gΨk
γµGA

µ (T
A)kmΨm. Because TA is o�-diagonal, emitting a gauge

boson can change the type of fermion: colour change in QCD, �avour change in the weak
interaction.
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