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Unifying Special Relativity and Quantum Mechanics

Lecture 16 (Addendum) — The Weinberg
Soft Theorem for Photons

(Soft emission from external legs, the Ward identity,
charge conservation, and the closing of the circle)

Typed version of the handwritten notes, with added explanations in blue boxes

How to read this document

Conventions. Exactly as in Lectures 1-17: everything in the normal text and in the yellow /
pink / grey boxes is a faithful transcription of the handwritten notes; the colours of the text
roughly follow the pens of the original. Everything inside a blue box like this one is extra
material that I added.

Pagination — and why this file is called “Lecture 16” too. These sheets are numbered 19—
33, and they continue the chapter that Lecture 15 belongs to: that chapter ran [p. 1********]—
[p. 18******=] (the eighth restart of the numbering), ending with the extra comment on off-
shell gauge invariance. This addendum picks up at [p. 19*******] and runs to [p. 33********|,
so the page markers here carry eight stars — not the nine stars of the gravity chapter.

That is the key to the naming puzzle. The lecture session numbered 16 evidently spanned
a chapter boundary: it first finished the QED/gauge-invariance chapter with the photon soft
theorem (these sheets), and then opened a brand-new chapter, “Gravity as a QFT”, whose
numbering restarts at 1 (the file we typeset as Lecture 16). The scans are split by chapter,
not by session, so one session produced two files. Lecture 17 then continues the gravity
chapter at [p. 11]. See the blue box at the end of Section 1 for why the two halves of that
session belong together physically.

The scan ends mid-thought. Sheet [p. 33********] announces a second comment (“ % COM-
MENT: let us also elaborate a bit more on the connection between conserved charges and the
Ward identity”) and then stops; the remainder of the sheet, and the following sheet, are
blank. Section 11 records the fragment and a blue box sketches what the argument would
have been. Everything before that is complete and in order.

Where this fits. Lecture 15 established that gauging a global U(1) forces the photon to
couple to a conserved current. This addendum shows the same statement emerging from the
opposite end — from the behaviour of scattering amplitudes when a very soft photon is emit-
ted — and closes the logical circle: gauge invariance < conserved current < conservation
of total charge. Lecture 17 then repeats this entire construction for the graviton, where the
analogous argument yields not charge conservation but the equivalence principle.
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Part I — Setup: the theory and the two classes of diagrams (pp. 19********_2(*******+)

1 The Weinberg soft theorem for photons: the setup [p. 19*****]

We consider the theory

1 = /. T
L= _ZFWFW + z [\Ifk (1" 8y — mi) ¥y, — QkAu‘l’Wﬂ‘ljk}
k

— The photon interacts with charged particle and antiparticles with masses m;, and charges ¢
and qx = —qi.

Consider a scattering process of the kind X — Y

D1 k1
\ /
X : \ Y = iMo(pl,...,pn;kl,...,km)
pn/ ko,
n particles/antiparticles in the initial state “X” m particles/antiparticles in the final state “Y”

— We consider the process at some generic order in perturbation theory.

Added explanation (not in the original notes)

What the grey blob means. It is everything: all diagrams, at all orders, with any internal
structure whatsoever. The whole power of a soft theorem is that we will never need to know
what is inside it. Whatever M, is, the amplitude with one extra soft photon is M times a
universal factor built only from the external momenta and charges.

Why the sum over k in the Lagrangian. We allow several species of charged fermion,
with independent masses m; and independent charges g;. This is essential: the theorem
will constrain how those charges are related, and that constraint would be empty if we had
assumed a single universal charge from the start. (In Lecture 17 the same care is taken with
the !N, and there the conclusion is far stronger.)

Antiparticles. The single term —q;A,V;v* ¥}, describes both particles of charge ¢; and
antiparticles of charge —qy; this is the field-theoretic origin of antiparticles from Lecture 12,
and it is why pp. 24*****=*_26****** must treat the antiparticle leg separately and will find
the sign flip § = —¢ automatically.

Why this material and “Gravity as a QFT” were the same lecture. The photon soft theo-
rem is the last brick of the gauge chapter: it shows that the gauge redundancy of A,, seen
from the S-matrix side, is conservation of electric charge. The moment that circle closes, the
natural question is: what does the same argument give for a massless spin-2 particle? The
answer (Lecture 17) is the equivalence principle. Finishing one and starting the other in a
single session is exactly the right pedagogical order — and it is why the page numbering of
one chapter stops while a new chapter starts at 1.
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2 Two classes of diagrams, and the soft approximation [p. 20*]

We now consider, instead of the process X — Y, the process X — Y + v(k), and denote the
amplitude for such process

iMl(pl) <oy Pnj k17 ceey kma k)
We separate diagrams contributing to this process into two classes:

i) Photon emission from an external leg — for instance

ii) Photon emission from an internal line — we indicate these diagrams as follows

~ 7T
L

k

We compute these diagrams assuming that the photon is “soft” (the energy of the photon is small
compared to the characteristic energies and momenta of all other particles involved in the pro-
cess).

Added explanation (not in the original notes)

The soft limit, quantitatively. “Soft” means k# — 0, or more precisely w < E;, |p;| for
every hard particle in the process. The emission factors computed below all behave like
1/w, so the amplitude diverges as w — 0: this is the infrared divergence of QED, physically
the statement that any accelerated charge radiates arbitrarily many arbitrarily soft photons
(bremsstrahlung). The divergence cancels in physical cross-sections once one includes virtual
soft photons and sums over unresolved final-state radiation — the Bloch-Nordsieck mecha-
nism — but the coefficient of the 1/w pole, which is what we compute here, is exactly what
makes the theorem.

Why external legs dominate. An external leg is on-shell, p> = m?; attaching a soft photon
puts the adjacent propagator nearly on-shell, (p — k)2 — m? = —2p - k — 0, producing the
pole. An internal line is already off-shell by a finite amount, so the extra propagator stays
finite and contributes no pole — this is proved on p. 29*****xx_3Q*H#srex




Unifying Special Relativity and Quantum Mechanics — Lecture 16 (Addendum) 5

Part II — Emission from external legs (pp. 21F+**rxxx_g@ririrns)

3 Emission from an initial particle leg [p. 21+ 23+ ]

We focus on the initial particle leg with momentum p;. Consider first, to set our notation, the
process without photon emission

D1

i/\/lo(pl,...,pn;kl,...,km) = Q =

= iMo(p2, .- Pns k1, km) u(p1, s1)

We “factor out” from the full amplitude iM, the contribution of the initial-state fermion with
4-momentum p;.

We consider the diagram with the photon being emitted

p1 k1

< “gin” is the charge of the incoming particle on leg “1”.

iﬂg(pl —k,pg,...,pn;kl,...,km)

Ko

The amplitude is

i(1_%+m1) _ign .
(p1 — k)2 —m?+ ig( il 7“)%(1‘9) (p1)

= “emission factor”

Mo(pr =k, ..., pnika, .. km)

We focus on the emission factor. We compute it as follows [p. 227*****]

Z(]1)1 —k+m)
p{+}(j—2p1-k7rrflz+ia
_ i(p, — K+ ma) (—ig)y"e; (k) u(p)

(—2p1 - k)

(p, — ¥+ ma)v"u(pr)
—2p1 -k

(—ig") v es (k) u@)  pl=mi; k=0

=" e (k)
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We focus on the numerator (p, — k + m1)y"u(p1). We elaborate it as follows
(P, — k+mi)y"u(pr) = :(p1 — k) "+ mw’“‘} wp) {7} =29
= :(pl — k) (=" +29") + mw“]U(ﬁl)
= :—’Y”(zﬁl —F) +2(p1 — k)" + mw“]u(ﬁl)
Dirac equation (p, — m1)u(py) = 0
= [ (1= ) +2(p1 = )" + ()

= :’Y“% +2(p1 — k‘)ﬂu(ﬁl)

We thus get, going back to (®) [p. 23"*******]

. [7’% +2(p1 — k)“}u(ﬁ)
—2p1 -k

(®) = qilngu(l_g') transversality k‘ua“(l;) =0

!

*7#k+2puuﬁ in —’*MU_'
) ( 1) (1) ~ ¢ 5u(k) P1 (pl)

_ inE
q1 u( “opy -k Lk

— We now use the soft approximation, and neglect the k-term at the numerator compared to

p1.
We go back now to the amplitude of the full diagram

_ —ging E* P« .
iMo(pr =k, ...,pns k1, km) [M] u(p1) =

p-k
— [ —dren ()t
A gMo(m,---,pn;kh---,km)U(m) [%

it reproduces i Mo (p1,...,pn;k1ye s km )

This is a number, no spinor structure — all info about the
emitted photon factorized

k
pl\i kq
/ in % (E)plf

Q ~ iMO(plv"wpn;kl?"'?km) [_Q1piuki ]

Dn km

In the soft approximation p; — k ~ p;

amplitude without soft photon emission

Added explanation (not in the original notes)

The three moves, isolated. The computation looks long but is only three steps.

1. Denominator: (p; — k)2 —m? = p? —2p; -k +k? —m? = —2p; - k, using p? = m? (external
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leg on-shell) and k? = 0 (real photon). This is the pole.

2. Numerator: anticommute ¥ and p, past 4 using {v*,4*} = 2¢"", then use the Dirac
equation to replace p, u = mju. The m; terms cancel and what is left is Y+ 2(p1 — k)M

3. Soft limit: v#§ and k* are O(k), while 2p}" is O(p1) — drop them. What survives has no
gamma matrices left, so it commutes out of the spinor chain as a plain number.

Why step 3 is the whole point. The emission factor is a c-number, not a matrix: it does not
touch the spin structure of the hard process at all. This is what allows it to factorize out in
front of My — and it is why the result is independent of the spin of the emitting particle. In
Lecture 17 the same statement appears as “independently on the spin of the emitting particle,
the denominator of the propagator gives the factor 1/(—2p; - k)”.

Where transversality is used. k,c** = 0 kills the —2k* piece of 2(p; — k)* exactly (not
just approximately). The remaining v*§ term is dropped by the soft approximation, being
suppressed by one power of w.
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4 Emission from an initial antiparticle leg [p. 24" ***_26*****]

We focus on the initial anti-particle leg with momentum p,,. We consider first the process without
soft photon emission

b1 ky

iMo(prs-- - pnike, . k) = Q

Dm km

= E(ﬁm) Z.-/\/10(p17 SRRy 273 k’la R km)
— We factor out the contribution of the incoming antiparticle.

We consider the diagram with the soft photon emission

iMo(p1, .- pm — Kk, )

with amplitude given by

i(—p  +k+mpy —
: ( ]imk)Q 2 —I)- iMo(p1, ... opm — kik1, ... ki)
—Pm —mz, + 1€

3(Fm) (—iamye}, (F))

We focus on the emission factor, that we compute as follows [p. 25******]
(=p, +K+mmn) (g )
7 = 0(Pm 5 dmen(k) (@)
Do+ I = 2 - k=i, ) ¥ '

We elaborate the numerator as follows

O () V" (=, + K +mm) =0

(P ai2ter (k)

:7“7"(—pm +k), + V“mm]
:(—’YVV“ +29") (=pm + k), + ’V”mm}

(p,y = 07"+ 2(pn - £)" 4 7

:—k'v“ +2(k — pm)”}

using Dirac equation o(p,,) (ym + m,,,,,) =0

[—%v“ +2(k — pm)“}
—2pm - k

in, KM % (1.
| GmpmeL(R)
v( m) [ Pm l;f

(_%’7# B 2])#1) ing*(
2k

(®) = 'D(ﬁm) qglﬁ;:(’g) = @(ﬁm) E)

Q

] soft approximation



Unifying Special Relativity and Quantum Mechanics — Lecture 16 (Addendum)

The amplitude of the full diagram is

o ampenR)] ~
¥(pim) [pm—l;g()] iMo(p1, .. opm — kik1, .. k) =

< Pm

[p 26********]

"

. _e* ];p‘u oL~
= [(—qﬁ)%] 0(Pm) iMo(p1,- - oni k1, - km)

= 7:-/\/l()(pl7---1pn,:k17“--,]‘7m)

This is ¢! = —¢"

m

We thus get
D1 k1
\ / . _ —ing* (E)p#z
~ 7/-/\/l()(plv"'7p’n;k'17'"7km) =
\ Pm - k
Pm km
k
— The form of this factor is always the same, it has the structure
o Qi_n €Z(k) pl;
where Qij“ is the electric charge of the emitting particle
Qij“ = Jrq}n for an emitting particle; Qijn = —q;-n for an emitting anti-particle

Added explanation (not in the original notes)

_q.

— one field, two species, opposite charges.

What was gained by redoing the computation for an antiparticle. Structurally nothing
changes — same pole, same gamma-matrix algebra, same soft truncation. What changes is
bookkeeping: the spinor is v instead of u, it sits to the left of the vertex, the Dirac equation
used is (p +m) = 0 (with a + sign), and the propagator momentum is —p, + k. The net
effect is one overall sign, which is precisely the statement that the antiparticle carries charge

So the single symbol ); does all the work. From here on the notes never again distinguish
particles from antiparticles: the emission factor is —Q;e*-p;/(p; - k) with Q; the physical elec-
tric charge of whatever sits on leg j. This is exactly the unification that Lecture 12 predicted

5 Sum over initial-state emissions, and final-state legs [p. 27 28" ]

We thus collect all diagrams with emission from an initial-state leg as follows [p. 27******]

Sum over initial-state emissions
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10

n ] * E 12
~ ZMO(plaapnaklaakm)Z(_l) ‘ljngu(—)]fj
j=1 bi

B Emission from final state legs

The result is very similar to the previous one, with the only difference given by a change of sign

— Consider, for instance, emission from a final state particle, and focus on the emission factor

(R (—iaFIN o (R i(fy +F+m)
N (kl)( . ’Yﬂe“(k))(kuﬂLk‘)Q—m%—i-ia a

() () ot )

H( )%-l-kz—l—%l-k:%ﬁ[-i-is B

V(K + F 4+ ma)
12k1 e (®)

= gt N (k) a (k)
As usual [p. 28°**]
:%t,yu (ki +k), + 7“m1}
(=74 + 29™) (k1 + k), + ,yuml}

:-(%-l— )"+ 2(k1 + k)" +qﬂmf]

2k + R)" |

And

ot + 2kl +2k)  [dNen(R)RY]

opposite sign compared to the emission from the initial state particle

We thus write the result
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ot~
/ \ _— \%\

~ 7,Mo(p1, 500 ,pn;k?l, oo ,km) QEIN _N]{J' . k‘]
j=1 /

Added explanation (not in the original notes)

Where the relative sign really comes from. Only one thing differs between the two cases:
the momentum flowing in the internal propagator. Incoming leg: p; — k, giving (p; — k)% —
m? = —2p; - k. Outgoing leg: k; + k, giving (k; + k)? — m? = +2k; - k. Hence the minus sign
between the two sums — exactly the same bookkeeping as on p. 26******** of Lecture 17 for
gravitons.

Physical reading. The initial-state and final-state radiation interfere with opposite signs.
This is why a charge that is not deflected radiates nothing: if p; = k; and Q; = @Q;, the two
terms cancel identically. Radiation requires acceleration — the soft theorem knows classical
electrodynamics.
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Part III — The soft theorem and the closing of the circle (pp. 29*+***Hxx_ZGrirrrrr)

6 Emission from internal lines is sub-leading [p. 29 -30" "]

The claim is that, in the soft limit , all these diagrams give a sub-leading contribution to the
amplitude if compared to the emission from external legs.
The argument goes as follows.

— If we emit from an external leg

ke + e ML k2 — 2 (on shell

O & k2 =0 (on shell)

— The intermediate propagator develops a behavior in the limit of soft “k”.

1-

— If we emit from an internal line, we have the following situation

.2:0

— Consider one of the two propagators. We have:

1 1 1 1

= f— ~ P2 2
(P—k)2—m2 P2—{—}(2(—2P-k_m2 P2 —2P -k —m? softlimit P2 —m?2’ #m

[p 30********]

< Since the internal line of momentum P is not on-shell (P? # m?), in the soft limit we do
1
not have a factor —— but a factor
Pk
1 1

PP—m2 S Pk

much smaller than those arising from external legs.

Added explanation (not in the original notes)

The one-line version. On an external leg the “—m?” cancels the “P2” because the leg is on-
shell, so the whole denominator is O(k) and the propagator blows up like 1 /w. On an internal
line P? — m? is a finite non-zero number, so the —2P - k correction is a small perturbation
and the propagator stays finite. One diagram class has a pole, the other does not — and in
the limit w — 0 the pole wins by an arbitrarily large factor.

Consequence. All the model-dependence of the emission is confined to the non-singular
part. The leading soft behaviour is universal, determined entirely by the external data
{Qj,p;}. This is what turns a statement about Feynman diagrams into a theorem.
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7 The full amplitude and the soft theorem [p. 3031+ ]

Let us write the full amplitude in the soft limit

iMi(p1s - pns ke, ks k) = iMo(pr, - pni kL, ki (k)

FIN "y IN pz
ZQ k]k ZQ -k

soft emission factor

Now the theorem. We know that if we substitute 5u(l§)* — k,, we must get zero (Ward identity).

Given the amplitude we wrote before, we must have

i

K p
iMok, ZQFINka ZQ%NZ% =0,  whichis

%

o (S-S g ) 2o

m n
Z Q?IN — Z QN conservation of total charge
j=1 i=1

Added explanation (not in the original notes)

What has just happened. We never assumed charge conservation. We assumed only that
the photon is a massless spin-1 particle whose polarization is defined up to ¢# — & + a k*
(gauge invariance), and we computed the universal soft emission factor. Demanding that the
gauge shift not change the amplitude then forces the sum of incoming charges to equal the
sum of outgoing charges — in every process, at every order.

Compare with Lecture 17. There the same manipulation gave Y, i ™K/ = 3=, x]Np{/, an
equation between four-vectors rather than numbers, which combmed W1th momentum con-
servation to force all «’s equal. The difference is the single extra power of momentum in the
graviton emission factor e}, pp”. Spin 1 gives a conservation law; spin 2 gives universality.

8 The “closing of the circle” [p. 317 *]

We arrive at the following “closing of the circle”
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etk N) = (kN + akt

the physics must remain in-
variant under this shift

this condition is
guaranteed by cou-

pling with a con-
served current

—Jr 9Jr=0 Sk

Weinberg
soft
theorem
oL
04,
IN _ HFIN
Tor — &ToT

symmetry realiz
a la W-W implies
selection rules * g =U(1)

the conserved current
omes from a global
U(1) symmetry real-
ized a la W-W

Added explanation (not in the original notes)

the level of one-particle states.

Weinberg soft theorem.

comment *, proved on pp. FQ IR _ G Ptk

and from the S-matrix.

How to read the diagram. Four statements, each implying the next, arranged in a loop:

1. Top: the photon polarization is physically defined only up to a k* — gauge redundancy at
2. Left: applied to the soft emission factor, that redundancy yields QT = Q50 — the

3. Bottom: the same selection rule follows independently from having an unbroken (Wigner—
Weyl) global U(1) symmetry, whose Noether charge labels the asymptotic states. This is

4. Right: that global U(1) supplies a conserved current J#, and coupling A, to it is exactly
what guarantees the gauge invariance we started from (Lecture 15).

The circle closes: gauge redundancy < conserved current < unbroken U(1) < charge conser-
vation. The same physical fact, reached from the Lagrangian, from the symmetry algebra,

“A la Wigner-Weyl” means the symmetry is realized unbroken: the vacuum is invariant,
@]0) = 0, and states organize into eigenstates of (). The alternative — Nambu-Goldstone
realization, where the vacuum is not invariant — would destroy the selection rule and give
massless Goldstone bosons instead. That distinction is what the phrase is flagging.

9 Comment %: symmetries — selection rules [p. 327 -33 ]

Let us elaborate a bit more about this point (symmetries — selection rules).

Consider a scattering process

Spi = (f| S i)

multiparticle free states
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— S = Z % /d4$1 o 'd4Im T Hint(ml) o 'Hint(xm,)}
m=0

In the presence of a U (1) symmetry realized a la W-W, we know that states are organized in such
a way that they are eigenstates of the generator () (the Noether charge of the U (1) symmetry)

Qi) = Q¥5 [4)
Qlf) = @5 1f)

And, consequently;,

exp(—iQ8) |i) = e~ o i)

<.f| eXp(iQG) = <f| e+i0Q¥%\IT

exp(—iQ8) = U(0)

We thus write [p. 33******]

Sy = (fISli) = (flU@O) U@O) SUW®) U©O) i) =
—_—

By construction, the Lagrangian, and thus H;, (), is invariant under global symmetry trans-
formations: U(9) SU(#)"! =S

i0(OFIN _IN .
= ¢ (QTOT QTOT) <f|S|l> = Q%%\IT = erOT

which is the selection rule found before.

Added explanation (not in the original notes)

The argument in one sentence. If S commutes with ), then (f|S|i) picks up a phase
Q™ =Q™) ynder the symmetry transformation — but it must be unchanged, so either the
phase is trivial or the amplitude vanishes. Hence: any process with Q™ # Q™ has exactly
zero amplitude. That is what a selection rule is.

Why this is the same result by a completely different route. The soft-theorem derivation
(p. 31*******) used dynamics: propagators, vertices, gauge invariance of amplitudes. This
derivation uses only the algebra of states and the invariance of S. Neither knows about the
other, and they agree — which is the “closing of the circle”.

A subtlety worth noting. The step USUT = S requires the interaction Hamiltonian to be
invariant and the vacuum (hence the asymptotic states’ construction) to be invariant — i.e.
the Wigner-Weyl realization again. If the U(1) were spontaneously broken, Q|0) # 0, the
states would not be charge eigenstates and the selection rule would fail.

10 Comment %% [p. 33" ****]

Let us also elaborate a bit more on the connection between conserved charges and the Ward
identity. ..

[The sheet stops here; the rest of the page, and the following sheet, are blank.]
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Added explanation (not in the original notes)

What this comment would have said. The missing argument is the operator derivation
of the Ward-Takahashi identity from current conservation. In outline: insert the conserved
current into a Green’s function,

0u{0|T{J*(z) W(y) W(2)}|0) = —ib*(z — y)(--- ) + id*(x — 2)(--- ),

where the contact terms on the right come from differentiating the time-ordering 6-functions
and using the equal-time commutator [J°(z), ¥(y)],0—,0 = —q6*(Z — ) ¥(y) — i.e. from the
statement that () generates the symmetry. In momentum space this becomes k,M* = 0 for
on-shell external states: exactly the Ward identity used on p. 30********,

So the logic completes as follows: conserved charge = equal-time commutator = Ward identity
= decoupling of the gauge shift e — e + ak*. The arrow on the right-hand side of the
“closing of the circle” diagram is thereby justified from first principles rather than asserted.
This is a standard textbook derivation (Peskin & Schroeder §7.4), so nothing essential is lost
by the scan ending here.

Summary — the logic in seven lines

1. Take QED with any number of charged species and any hard process X — Y with ampli-
tude My; add one soft photon.

2. Diagrams split into emission from external legs and from internal lines.

3. An external leg is on-shell, so the adjacent propagator gives a pole 1/(F2p-k); the gamma-
matrix algebra plus the Dirac equation reduce the numerator to 2p*, leaving a pure num-
ber with no spinor structure.

4. Internal-line emission has no pole and is sub-leading.

5. Summing external emissions, My ~ Moe,[>; Q5K /(kj- k) = >, QiNpl'/ (pi - k)], with
Q = +q for particles/antiparticles.

6. The Ward identity (¢j, — k, must annihilate the amplitude) then forces =, Q™ =
> QEN: charge conservation.

7. The same selection rule follows independently from an unbroken (Wigner-Weyl) global
U(1) acting on the asymptotic states — closing the circle with Lecture 15’s gauge con-
struction.

And the sequel. Replace the photon by a massless spin-2 particle: the emission factor
becomes ¢}, p"p”/(p - k), and the identical argument gives not a conservation law but the
equality of all couplings — the equivalence principle. That is Lecture 17.

mid-comment).
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